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We present a model to describe a generic circuit QED system which consists of multiple artificial three-level
atoms, namely qutrits, strongly coupled to a cavity mode. When the state transition of the atoms disobey the
selection rules the process that does not conserve the number of excitations can happen determinatively. There-
fore, we can realize coherent exchange interaction among three or more atoms mediated by the exchange of
virtual photons. In addition, we generalize the one cavity mode mediated interactions to the multi-cavity situa-
tion, providing a method to entangle atoms located in different cavities. Using experimental feasible parameters,
we investigate the dynamics of the model including three cyclic-transition three-level atoms, for which the two
lowest-energy levels can be treated as qubits. Hence, we have found that two qubits can jointly exchange exci-
tation with one qubit in a coherent and reversible way. In the whole process, the population in the third level of
atoms is negligible and the cavity photon number is far smaller than 1. Our model provides a feasible scheme
to couple multiple distant atoms together, which may find applications in quantum information processing.
PACS numbers:
I. INTRODUCTION
Light-matter interaction has been an active field for more
than one century [1]. Recent practice for realizing quantum
information and quantum computation attracts more atten-
tion on the atom-cavity systems [2, 3]. The circuit quantum
electrodynamics (QED) [4, 5], where superconducting qubits
act as artificial atoms strongly coupled to transmission line
resonator, has been demonstrated as a well-controlled atom-
cavity system for studying quantum optics and quantum infor-
mation processing [6, 7]. By using circuit QED, people have
engineered the qubit-cavity coupling to control quantum state
of the system, demonstrating a series of remarkable achieve-
ments [7]. In addition, with the exchange of virtual photons,
two distant qubits, which are coupled to a common cavity bus,
can exist a strong flip-flop interaction [8–11]. Based on this
photon-mediated interaction, people have realized two-qubit
gate and created two-qubit entanglement [12, 13]. Recently,
more complicated processes such as creating multi-qubit en-
tanglement and realizing multi-qubit gates, which include se-
quence of two-qubit gates along with single qubit operations,
have also been demonstrated in circuit QED systems [14, 15].
With the increase of the complexity of the operations, the de-
coherence of the system protrudes out as one of the big chal-
lenges [16].
In general, the quantum processors contain many qubits
coupled through a cavity or many cavities. A whole pro-
cess involving multiple qubits that can quickly couple mul-
tiple distant qubits together would be very promising to com-
bat the decoherence and reduce the number of gates in quan-
tum algorithms [17–19]. However, the conventional photon-
mediated interaction picture does not support this whole op-
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eration [20–23]. In the ordinary circuit QED model, super-
conducting qubits act as two-level systems coupled to a cavity
mode [4, 5]. The qubit-cavity system is restricted to the situa-
tion where the qubit-cavity coupling strength is much smaller
than the qubit transition frequency and cavity resonance fre-
quency [4, 5]. In this coupling regime, it is usually valid to
apply the rotating-wave approximation (RWA) [24, 25]. For
system consisting of multi-qubit strongly coupled to a cav-
ity mode, the physics can be well described by the Tavis-
Cummings Hamiltonian [25] under the RWA. When we ap-
ply the RWA, counterrotating terms (i.e., the excitation num-
ber nonconserving process and virtual transitions) have been
dropped, and the Hamiltonian conserves the total excitation
number. Therefore, the photon-mediated multi-qubit interac-
tions can happen only if the process conserves the excitation
number, e.g., the two-qubit flip-flop interaction [4] or the four-
spin ring exchange interaction [26]. Multi-qubit interactions
which do not conserve the excitation number are prohibited.
Recently, Stassi et al. [27] have theoretically demonstrated
that the interaction of multiple spatially-separated atoms
can be realized via the exchange of virtual photons in the
ultrastrong-coupling (USC) regime of cavity quantum elec-
trodynamics [28]. In the USC regime, the atom-cavity cou-
pling strength is comparable to the atom and cavity energy
scales. Therefore, the usual RWA is no longer valid, and the
counterrotating terms have become relevant. The coherent ex-
change interaction between multiple distant atoms via inter-
mediate virtual states connected by the counterrotating inter-
action terms, can happen deterministically. Furthermore, the
excitation number nonconserving process in the USC regime,
includingmulti-photon Rabi oscillation [29, 30], a single pho-
ton exciting multi-atom simultaneously [31], quantum nonlin-
ear optics with atoms and virtual photons [32, 33] have also
been theoretically predicted. However, although a few ex-
periments have recently achieved the USC regime in solid-
state quantum system [34–36], quantum state manipulating
2and high-fidelity readout are still a tough challenge with exist-
ing technique, hindering the practical implementation of these
coherent exchange interactions at present.
In this paper, we theoretically demonstrate that the general-
ized multiple distant atoms coupling via the exchange of vir-
tual photons can be realized in the conventional strong cou-
pling regime of circuit QED. We consider a generic circuit
QED system which consists of multiple cyclic artificial three-
level atoms (qutrit), strongly coupled to a cavity mode. Hav-
ing derived the effective interaction Hamiltonian, we show
that multiple atoms can conspire to jointly exchange excitation
with just one single atom, which obviously does not conserve
the total excitation number. The occurance of this process in-
dicates a resonant interaction among multiple atoms via the
exchange of virtual photons. The physics behind this virtual
photon mediated interaction is that the auxiliary third level
of the cyclic qutrits allows a large number of virtual transi-
tions which do not conserve the excitation number contribute
to the effective coupling [37]. Furthermore, we have done
numerical simulation with experimentally feasible parameters
in circuit QED systems. It is found that the multiple atoms
can jointly exchange excitation with one atom with a proba-
bility approaching one. In the whole process, the occupation
of the third level of atoms and the cavity mode is far smaller
than 1. In addition, we generalize the above model to multi-
cavity case and find that the multi-cavitymediated interactions
among three or more atoms can also be realized in the strong
coupling regime.
The rest of this paper is organized as follows. In Sec. II,
we introduce our model and derive the general form of the ef-
fective Hamiltonian. In Sec. III, we apply the model to three-
atom situation, where the photon-mediated three-atom inter-
action Hamiltonian has been obtained. We also gave the nu-
merical analysis of the dynamics based on the full Hamilto-
nian within the RWA. In Sec. V, we give conclusions and point
out some potential applications.
II. CIRCUIT QED WITH QUTRIT
Here, we show how the multi-atom interactions via the ex-
change of virtual photons can be realized in a circuit-QED ar-
chitecture, where the atoms strongly coupled to a cavity mode
or multiple cavity modes, as shown in Fig. 1. In this work, the
atoms are treated as cyclic three-level systems, called qutrit.
However, as we discussed later, the third energy levels of
qutrits are actually always empty during the whole process
due to the fact that they serve as auxiliary levels assisting
the virtual photon mediated interactions. Therefore, most of
our discussions focus on the lowest two energy levels of the
atoms, which can be considered as qubits. In this sense, qutrit,
qubit, and atom represent different names for a same physical
system in our paper. In experiments, these atoms can be re-
alized by using the artificial atom such as flux qubit [38] or
fluxonium qubit [39].
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FIG. 1: (Color online) (a) Schematic of the generic circuit QED sys-
tem which consists of N qutrits strongly coupled to a cavity mode.
The qutrits are cyclic three-level systems, and the lowest two levels
are treated as qubit states. (b) A schematic of a deformation model
for (a) with three qutrits. The 1st and 3rd qutrit are strongly coupled
to a cavity modes labeled by L and R, respectively. The 2nd qutrit is
strongly coupled to the two cavity modes.
A. Multi-qutrit coupled with one cavity
1. General model
We first consider a circuit QED system which consists ofN
atoms coupled to a cavity mode as depicted in Fig. 1(a). The
system can be described by the Hamiltonian (~ = 1)
H = H0 +HI , (1)
where
H0 = ωca
†a+
N∑
q=1
∑
j=g,e,i
ω
(q)
j |j〉q〈j|, (2)
is the Hamiltonian of the cavity mode and the N atoms. HI
describes the atom-cavity interaction
HI =
N∑
q=1
∑
j,k=g,e,i
g
(q)
jk (a+ a
†)|j〉q〈k|. (3)
Here, a† and a are the creation and annihilation operators for
a cavity mode with frequency ωc, respectively. ω
(q)
j is the
transition frequency from ground to excited state |j〉q for the
qth atom. g
(q)
jk = g
(q)
kj are the coupling strengths between the
qth atom and the cavity mode. For easy reference, we set
ω
(q)
g = 0 hereafter.
We assume that our system is operating in the strong cou-
pling regime. Therefore, we can apply the RWA and drop the
counterrotating terms in the HamiltonianH. The Hamiltonian
3can be rewritten as
H = H0 +HI ,
HI =
N∑
q=1
a†(g(q)ge |g〉q〈e|+ g(q)ei |e〉q〈i|+ g(q)gi |g〉q〈i|) +H.c.,
(4)
where H0 is given in Eq.(2), and the H.c. stands for Hermi-
tian conjugate. Furthermore, we consider that our system is
designed to operate in the dispersive regime, where the atom-
cavity detuning is larger than the coupling strength between
them. Therefore, we have |∆(q)jk | = |(|ω(q)j − ω(q)k |) − ωc| ≫
g
(q)
jk . In such a large detuning regime, coherent conversion of
the atom excitation to the cavity mode can be negligible.
It is worth to notice the difference of Eq. (4) with that of
multiple two-level systems (qubits) coupled to a cavity. In the
latter case, the physics can be well described by the multi-
qubit Tavis-Cummings Hamiltonian under the usual RWA,
which conserves the total excitation number. For the photon-
mediated interactions, the physics picture is that distant qubits
can exchange virtual photons with the cavity bus, leading to
nonlocal interactions between arbitrary two qubits in the cav-
ity. When a pair of qubits are tuned into resonance, coherent
conversion of one qubit excitation to the other can happen de-
terminatively [13, 40]. An important feature is that the total
excitation number is conserved in this case.
It is interesting that although the Hamiltonian in Eq. (4) is
also obtained by using RWA, the Hamiltonian does not con-
serve the total excitation numberNT = a
†a+
∑N
q=1(|e〉q〈e|+
2|i〉q〈i|) [37]. Therefore, the physical process governed by
this Hamiltonian can violate the conservation law of the ex-
citation number. Qualitatively, the physics behind the non-
conservation of the excitation number is that the process in-
cludes significant contribution from the third level of the
atoms (cyclic qutrits), which allows a large number of vir-
tual transitions that do not conserve the excitation number.
Therefore, Eq. (4) provides a approach to coupling three or
more atoms via a cavity bus [27]. Moreover, when frequency
matching condition is satisfied, i.e., ω
(1)
e =
∑N
q=2 ω
(q)
e , mul-
tiple atoms can jointly exchange excitation with one sin-
gle atom. This implies the resonant transitions between
the bare states |0, e, g, ..., g〉 and |0, g, e, ..., e〉, where for
|0, e, g, ..., g〉, the first entry denotes the cavity state in the
Fock representation, while the remain entries denotes the
states of the N atoms.
In order to illustrate the presence and nature of the resonant
transition, we calculated the energy diagram of an example
system which consists of three nondegenerate atoms coupled
to a cavity mode. The system is described by the Hamiltonian
in Eq. (4) with N = 3. We can obtain the energy spectrum
of the system by numerically solving Schrodinger equation
H |Ψn〉 = En|Ψn〉. Shown in Fig. 2 is 6th and 7th eigenener-
gies as a function of the transition frequency for |g〉1 ↔ |e〉1,
ω
(1)
e /ω0, where ω0 is chosen as a unit of frequency for sim-
plicity. We used g
(q)
ge /ω0 = g
(q)
gi /ω0 = 0.02, g
(q)
ei /ω0 = 0.025
for all the atoms, ω
(2)
e /ω0 = 0.5, ω
(2)
i /ω0 = 0.9 for the
2nd atom, ω
(3)
e /ω0 = 0.55, ω
(3)
i /ω0 = 1.0 for the 3rd atom,
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FIG. 2: (Color online) Calculated energy level diagram of the sys-
tem which consists of three nondegenerate qutrits coupled to a cavity
mode. Shown here are E6 and E7 as functions of ω
(1)
e /ω0. An
avoided energy level crossing resulting from the resonant coupling
between |0, e, g, g〉 and |0, g, e, e〉 can be observed. The magnitude
of the energy splitting is about 1.8× 10−4ω0.
ω
(1)
i /ω0 = 1.55 for the 1st atom, and ωc/ω0 = 0.75 for the
cavity mode [41]. In this parameter regime, the atom-cavity
coupling strength is much smaller than the atom-cavity detun-
ing. Therefore, the eigenstates of the Hamiltonian in Eq. (4)
(with N = 3) can be well approximated by the bare states
[29, 37], which are the eigenstates of the bare Hamiltonian
H0. As shown in Fig. (2), we observe that the two energy lev-
els exhibit an avoided-level crossing, which demonstrates the
resonant coupling between |0, e, g, g〉 and |0, g, e, e〉. Further-
more, we find that far away from the avoided-crossing region
one energy level remains flat as a function of ω
(1)
e /ω0 with en-
ergy about ω
(2)
e + ω
(3)
e , while the other growing linearly with
ω
(1)
e /ω0. This splitting clearly demonstrates the hybridization
of the states (|0, e, g, g〉 ± |0, g, e, e〉)/√2 [31].
2. Effective Hamiltonian
Having obtained the general model of our circuit-QED sys-
tem depicted in Fig. 1(a), we can derive the effective Hamilto-
nian which governs various multi-atom interactions by using
the standard perturbation theory [31, 32].
We start from the full Hamiltonian in Eq. (4) which is com-
posed of an unperturbed part H0 with known eigenvalues Ei
of eigenstates |i〉, and a small perturbed part HI . Following
the approach of Ref. [32], we consider an nth-order pro-
cess, which describes the resonant transitions between the
bare states |i〉 and |f〉. The two states are the eigenstates
of the bare Hamiltonian H0, and have the same eigenvalues
Ei = Ef . We can write the effective interaction Hamiltonian
for this process
HeffI = λ|f〉〈i|+H.c., (5)
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FIG. 3: (Color online) (a) Sketch of a typical path which contributes
in 2nth-order perturbation theory to the effective coupling between
the bare states |0, e, g, ..., g〉 and |0, g, e, ..., e〉 for the system de-
picted in Fig. 1(a). (b) Sketch of the only path which contributes
in fourth-order perturbation theory to the effective coupling between
the bare states |0, 0, e, g, g〉 and |0, 0, g, e, e〉 for the system depicted
in Fig. 1(b), where the virtual transitions involving the two cavity
modes are represented by dotted blue and dashed red arrows, respec-
tively. The dashed arrows denote the virtual transitions that do not
conserve the energy, and the dashed black lines represent the inter-
mediate virtual states.
where λ is the effective coupling strength. According to the
standard perturbation theory, the magnitude of the effective
coupling strength can be written as [32]
λ =
∑
j1,j2,...,jn−1
Vfjn−1 ...Vj2j1Vj1i
(Ei − Ej1)(Ei − Ej2)...(Ei − Ejn−1)
, (6)
where Ejk represents the energy of the bare state |jk〉, while
Vjkjk+1 = 〈jk|HI |jk+1〉. The sum goes over all of the virtual
transition steps which forms a transition path connecting the
initial state |i〉 to the final state |f〉.
Now, we consider the system introduced earlier in
Sec. II(A) for the case of N = n + 1 atoms (labeled by qth
atom with q = 1, 2, ..., n + 1), which is described by the
Hamiltonian in Eq. (4) withN = n+1. The system is initially
prepared in state |0, e, g, ..., g〉. When the frequencymatching
condition is satisfied ω
(1)
e ≈
∑n+1
q=2 ω
(q)
e , the n atoms (qth
atom, q = 2, .., n+ 1) can conspire to jointly exchange exci-
tation with the 1st atom, which implies a resonant interaction
among the multiple atoms via the exchange of virtual photons
[27]. This process is enabled by the resonant transitions be-
tween the bare states |0, e, g, ..., g〉 and |0, g, e, ..., e〉, with an
example shown in Fig. (2). By using the 2nth-order perturba-
tion theory, and under the frequency matching condition, the
system can be described by the effective Hamiltonian (in the
interaction picture) [32, 42]
HIeff = λeffσ
−
1 σ
+
2 ...σ
+
n+1 +H.c., (7)
where σ±q are the ladder operators acting on the lowest two
levels |g〉q and |e〉q of the qth atom. λeff is the effective cou-
pling strength, and its magnitude can be calculated by using
the 2nth-order perturbation theory given in Eq. (6).
To illustrate the mechanism of the above process, we
present an example path describing the contribution in 2nth-
order perturbation theory to the effective coupling between
the bare states |0, e, g, ..., g〉 and |0, g, e, ..., e〉. As depicted
in Fig. 3(a), the transition |0, e, g, ..., g〉 −→ |0, g, e, ..., e〉 is
connected by 2n intermediate virtual transitions, which do
not conserve the energy. Furthermore, except for the 1st and
(n + 1)th atoms, each atom serves as a Λ-type three-level
system and gives such a transition path |1, g, ..., g, ...〉 −→
|0, g, ..., i, ...〉 −→ |1, g, ..., e, ...〉, contributing to the effective
coupling. After running through the position of the n atoms
(qth atom, q = 2, ..., n+1) in every possible permutation, the
final state |0, g, e, ..., e〉 and the initial state |0, e, g, ..., g〉 are
connected via n ! different transition paths.
It is worth to mention that: (i) Since our system is initially
prepared in state |0, e, g, ..., g〉, and satisfies the frequency
matching condition, we obtain the resonant effective Hamil-
tonian under the RWA by neglecting all the fastvarying terms,
and keeping only all terms that are time independent [42]. (ii)
In our derivation of the effective interaction Hamiltonian, we
have eliminated the third level of the atoms and the degrees
of the freedom of the cavity mode, which are never populated
but nevertheless cause a renormalization and modification of
the effective Hamiltonian. Therefore, we give the effective
Hamiltonian in the interaction picture in Eq. (7) with respect
to the renormalization form of the bare Hamiltonian. Follow-
ing the recent work of Guanyu Zhu et al. [37], the renormal-
ization form of the bare Hamiltonian H0 in the second-order
perturbation theory can be given as
Heff0 =ωca
†a+
n+1∑
q=1
∑
j=g,e,i
(ω
(q)
j + η
(q)
j )|j〉q〈j|
+
n+1∑
q=1
∑
j=g,e,i
ξ
(q)
j a
†a|j〉q〈j|,
(8)
where the ξ
(q)
j denotes the ac-Stark type dispersive shifts for
the cavity mode and the η
(q)
j denotes the Lamb type level shift
for the qth atom. These coefficients ξ
(q)
j and η
(q)
j can be de-
termined by using the second-order perturbation theory [37].
Certainly, one can further use higher-order perturbation theory
to calculate higher-order correction [37].
B. Multi-qutrit coupled through multiple cavities
From the transition path shown in Fig. 3(a), we find that
with the exception of the atoms involving in the first and the
final intermediate virtual transitions, each atom serves as an
Λ−type three-level system and contributes such a transition
path |1, g, ..., g, ...〉 −→ |0, g, ..., i, ...〉 −→ |1, g, ..., e, ...〉 to
the effective coupling. This implies that the one cavity medi-
ated multi-atom coupling scheme introduced in Sec. I(A) can
be generalized to multi-cavity case.
5As a simple example, we consider a circuit-QED setup
shown in Fig. 1(b), where the two cavities are coupled to a
common atom and each cavity hosts an atom. As shown in
Fig. 3(b), we present the transition path in fourth-order per-
turbation theory leading to the effective coupling between the
bare states |0, 0, e, g, g〉 and |0, 0, g, e, e〉, where |0, 0, e, g, g〉
labels the states of the two cavity modes and three atoms.
The path includes four virtual transitions that do not conserve
the energy. The virtual transitions involving the two cavity
modes are represented by dotted blue and dashed red arrows,
respectively. Compared with the one cavity case, for which
there are 2 ! path connecting the two bare states |0, e, g, g〉 and
|0, g, e, e〉, there is only one path which contributes to the ef-
fective coupling.
Following the same procedure as in Sec. I(A), we now turn
to present the quantitatively derivation for the effective cou-
pling among three atoms mediated by the two cavities. By
using RWA, the full system can be described by the Hamilto-
nian (~ = 1)
H = H0 +HI , (9)
where
H0 =
∑
s=L,R
ωsa
†
sas +
3∑
q=1
∑
j=g,e,i
ω
(q)
j |j〉q〈j|, (10)
describes the Hamiltonian of the two cavities (s = L,R), and
the three atoms (q = 1, 2, 3), respectively. HI describes the
atom-cavity interaction,
HI = a
†
L(g
(1)
ge |g〉1〈e|+ g(1)ei |e〉1〈i|+ g(1)gi |g〉1〈i|)
+
∑
s=L,R
a†s(g
(2)
ge |g〉2〈e|+ g(2)ei |e〉2〈i|+ g(2)gi |g〉2〈i|)
+ a†R(g
(3)
ge |g〉3〈e|+ g(3)ei |e〉3〈i|+ g(3)gi |g〉3〈i|) +H.c.
(11)
Here, a†s and as are the creation and annihilation operators
for the cavity (s) with frequency ωs, respectively. ω
(q)
j is the
transition frequency for the qth atom from ground to excited
state |j〉q , and g(q)jk = g(q)kj denote the atom-cavity coupling
strengths for the qth atom. For simplicity, we have assumed
that the 2nd atom is coupled to the two cavity modes (L,R)
with the same coupling strength. For easy reference, we set
ω
(q)
g = 0 hereafter.
We consider that the system operates in the dispersive
regime, and satisfies the frequencymatching conditionω
(1)
e ≈
ω
(2)
e + ω
(3)
e . Following the derivation in Sec. I(A), we can
write the effective Hamiltonian in the interaction picture
HIeff = χ
(3)
2 σ
−
1 σ
+
2 σ
+
3 +H.c., (12)
where σ±q are the ladder operators acting on the lowest two
levels |g〉q and |e〉q of the qth atom, and χ(3)2 is the effective
coupling strength between the three atoms. The effective cou-
pling strength is given as
χ(3)2 =
g
(1)
ge g
(2)
gi g
(2)
ei g
(3)
ge
(ω
(1)
e − ωL)(ω(1)e − ω(2)i )(ω(1)e − ω(2)e − ωR)
. (13)
In principle, the circuit-QED architecture depicted in
Fig. 1(b) can also be generalized to more complex setup, e.g.,
a two-cavity system where cavities are coupled to a com-
mon atom and each cavity hosts multiple atoms, and one-
dimensional array of the atom-cavity systems depicted in Fig.
1(b). It allows us to prepare entanglement among atoms lo-
cated in different cavities, which are important for large-scale
quantum information processing [43]. Furthermore, it also al-
lows us to engineer different geometries for coupling multiple
atoms mediated by virtual photons, which can be used for en-
gineering various lattice systems for quantum simulation [44].
III. APPLICATION
In this section, we applied our results derived in Sec. II to
the concrete case. In particular, we will consider applications
in three-atom case, and discuss the quantum dynamics of the
system with experimental feasible parameters. We would like
to mention again that since the third energy level in principle
has null population in the whole process, our numerical anal-
ysis focus on the quantum dynamics of the lowest two energy
levels. Numerical calculation based on the full Hamiltonian
under the RWA were performed using the PYTHON package
QuTiP [45, 46]. As mentioned earlier in Sec. II(A), we did
not give analytic expressions for the dispersive shift of the en-
ergy level. However, in the numerical simulation, the effect
of frequency shifts can be canceled out by varying frequen-
cies of the atoms (in the present work, the frequency shifts
are compensated for by modified frequency for the 1st atom).
Therefore, the frequency matching condition can be fulfilled.
A. photon-mediated three-atom interaction: one cavity case
TABLE I: Parameters for the atom-cavity system described in
Sec. III(A). ω is the two-level system transition frequency, g is the
atom-cavity coupling strength, and γ is the relaxation rate. For sim-
plicity, we treat the 2nd and 3rd atom as two identical cyclic qutrits.
Qutrit
(q=2,3)
Frequency
ω/2pi (GHz)
Coupling strength
g/2pi (MHz)
Relaxation rate
γ/2pi(MHz)
|g〉1 → |e〉1 7.966 150 0.01
|g〉1 → |i〉1 12.0 150 0.01
|e〉1 → |i〉1 4.034 210 0.015
|g〉q → |e〉q 4.0 150 0.01
|g〉q → |i〉q 7.5 150 0.01
|e〉q → |i〉q 3.5 210 0.015
We consider the system introduced in Sec.II(A) for the case
of three atoms. The system can be described by the Hamil-
tonian in Eq. (4) with N = 3. Furthermore, we assume that
ω
(1)
e ≈ ω(2)e + ω(3)e , and the system is initially prepared in
the state |0, e, g, g〉. The effective coupling between the three
atoms mediated by virtual photon can be described by
HIeff = χ
(3)
1 σ
−
1 σ
+
2 σ
+
3 +H.c., (14)
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FIG. 4: (Color online) Numerical simulation of the dynamics under
the influence of dissipation. (a) Temporal evolution of the atommean
excitation number 〈σ+q σ
−
q 〉, and the equal-time second-order corre-
lation function 〈σ+2 σ
+
3 σ
−
3 σ
−
2 〉 with the system prepared in the state
|0, e, g, g〉. (b) The residual population in the third level of the atoms
|i〉q〈i| and the cavity mode 〈a
†a〉.
where σ±q are the ladder operators acting on the lowest two
levels |g〉q and |e〉q of the qth atom, and the χ(3)1 is the effec-
tive coupling strength between |0, e, g, g〉 and |0, g, e, e〉.
In following discussion, we choose system parameters as
the typical values in circuit QED experiments. The frequency
of the cavity mode, ωc/2pi = 6.00GHz, with the cavity pho-
ton decay rate κ/2pi = 0.01MHz. The parameter of the three
atoms are listed in Table I. We note that we used two identical
qutrits (the 2nd and 3rd atom) for the numerical simulation.
This choice is just for the sake of simplicity. System con-
sisting of three different qutrits can also work. For instance,
different qutrits are used for calculating the energy diagram in
Fig. 2. The presence of resonant transition indicates that we
can still have the interaction.
According to the fourth-order perturbation theory, we can
write down the magnitude of the coupling strength [32]
χ(3)1 =
2 ! (g
(1)
ge g
(2)
gi g
(2)
ei g
(3)
ge )
(ω
(1)
e − ωc)(ω(1)e − ω(2)i )(ω(1)e − ω(2)e − ωc)
, (15)
which results χ(3)1 /2pi ≈ 0.760MHz. As shown in Table I,
we note that since the 2nd and 3rd atoms are treated as two
identical cyclic three-level systems, there are 2 ! paths which
have equal contributions to the effective coupling between the
bare state |0, e, g, g〉 and |0, g, e, e〉.
We numerically simulated the dynamics of the system un-
der the influence of cavity decay and atom relaxation by using
the master equation approach (see Appendix B). The numer-
ical calculations have been performed based on the Hamilto-
nian in Eq. (4) with N = 3. Shown in Fig. 4(a) is the time
evolution of the atom mean excitation number 〈σ+q σ−q 〉. It can
be observed from this ordinary oscillation between |0, e, g, g〉
and |0, g, e, e〉 that two atoms can jointly exchange excitation
with just one single atom in a reversible and coherent way.
The period of the oscillation is in good agreement with the
value calculated based on the effective coupling strengthχ(3)1 ,
i.e., T = pi/χ(3)1 ≈ 658 ns. In Fig. 4(b), we also display the
population leakage to the third level of the atoms and the bus
cavity. During the time evolution, the population leakage in
the third level of the atoms can be negligible, and the mean
photon number is far less than 1.
Figure 4(a) shows the time evolution of the two-atom cor-
relation function 〈σ+2 σ+3 σ−3 σ−2 〉 , which describes the quan-
tum correlation between the emitted photons from the two
atoms into noncavity modes [31]. We observe that the two-
atom correlation function and the atom mean excitation num-
ber 〈σ+q σ−q 〉 (q = 2, 3) almost coincide at early time [27].
This is a signature of almost perfect two-atom correlation: if
one atom is excited, the other is also excited [31]. We also find
that the two-atom correlation function goes almost to zero ev-
ery time the mean excitation number of the 1st atom 〈σ+1 σ−1 〉
has maximally value. This behavior indicates that the excita-
tion of the 1st atom does not convert to a single atom (the 2nd
atom or the 3rd atom) but the two atom jointly [47]. In the
Appendix A, we also consider the four-atom case, and obtain
similar results.
This virtual photon-mediated three-atom interaction allows
for the realization of three-atom entanglement. Figure 4(a)
implies that when the system is initialized in state |e, g, g〉,
which labels the three atoms state, the entangled state
(|e, g, g〉 + |g, e, e〉)/√2 can be obtained after a time t =
pi/(4χ(3)1 ). Moreover, along with the single atom opera-
tions, one can create the three-atom GHZ state (|g, g, g〉 +
|e, e, e〉)/√2.
B. photon-mediated three-atom interaction: two-cavity case
Here, we give the numerical analysis of the atom-cavity
system depicted in Fig. 1(b). Our aim is to give a numeri-
cal confirmation of the theoretical demonstration of the two-
cavity mediated three-atom interaction discussed in Sec. II(B).
The numerical calculations are performed based on the Hamil-
tonian in Eq. (9). Furthermore, we note that the 1st and 3rd
atom acted as two-level systems formed by the lowest two
levels of the atoms, while the 2nd atom worked as an Λ-type
three-level system in the transition path leading to the three-
atom interaction, as shown in Fig. 3(b). Therefore, for sim-
plicity, we can treat the 1st and 3rd atom as two two-level
systems in the numerical calculations. We would like to men-
tion again that in the following discussion, σ±q are the ladder
operators acting on the lowest two levels |g〉q and |e〉q of the
qth atom as we defined in Sec. II(B).
In Fig. 5, we show the time evolution of the atom mean ex-
citation number 〈σ+q σ−q 〉 and the two-atom correlation func-
7tion 〈σ+2 σ+3 σ−3 σ−2 〉 under the influence of cavity decay and
atom relaxation. We also display the population leakage in
the third level of the 2nd atom (|i〉2) and cavity photon pop-
ulation 〈a†sas〉 (L,R), as shown in Fig. 5(b). For the numeri-
cal simulation, the system parameters are chosen as follows,
ωL/2pi = 6.00GHz and ωR/2pi = 6.00GHz are reso-
nance frequency of the two cavity modes (L,R), respectively.
ω
(1)
e /2pi ≈ 7.945GHz is the transition frequency for the 1st
atom, and ω
(3)
e /2pi = 4.00GHz is for the 3rd atom. The tran-
sition frequencies of the 2nd atom are ω
(2)
i /2pi = 7.50GHz
and ω
(2)
e /2pi = 4.00GHz. g
(1)
ge /2pi = g
(3)
ge /2pi = 180MHz,
g
(2)
ge /2pi = g
(2)
gi /2pi = 150MHz, and g
(2)
ei /2pi = 210MHz
are the atom-cavity coupling strengths. The cavity photon de-
cay rate and the atom relaxation rate are κs/2pi = γ
(q)
ge /2pi =
γ
(2)
gi /2pi = 0.01MHz, and γ
(2)
ei /2pi = 0.015MHz, respec-
tively.
Similar to the one cavity case, the two-cavity mediated co-
herent conversion of the 1st atom excitation to the other two
atoms (the 2nd and 3rd atoms) can happen determinatively,
and the two-atom correlation function also coincide with the
atom mean excitation number 〈σ+q σ−q 〉 (q = 2, 3) at early
time, as shown in Fig. 5(a). We can find that the period of the
oscillation which is calculated based on the effective coupling
strength χ(3)2 , i.e., T = pi/χ
(3)
2 ≈ 871 ns, is good agreement
with the result of the numerical simulation of the full dynam-
ics. Figure 5(b) demonstrates that the population leakage in
the third level of the 2nd atom can be negligible, and the pho-
ton population in the two cavity modes (L,R) is far less than
1.
IV. CONCLUSION
In summary, we have studied the resonant exchange inter-
action among three or more atoms via the exchange of vir-
tual photons in circuit QED system consisting of multi atoms
strongly coupled to a cavity mode. If the selection rule of
the atom transitions is violated, multiple atoms can jointly ex-
change excitation with just one single atom in a reversible and
coherent way. The analytical and numerical results demon-
strate that this excitation number nonconserving process can
happen with probability approaching one. In addition, we
show that the two-cavity mediated three-atom exchange in-
teraction can also be realized in the strong coupling regime.
This process can be exploited for the realization of an effi-
cient atom-atom entanglement source [27, 46] and can also be
used for the implementation of novel schemes for the control
and manipulation of atom states, e.g., three-qubit gates [48],
quantum repetition coding [27] needed for error-correction
codes. Furthermore, it is also possible to use the photon-
mediated multi-atom interaction to engineer long-distance en-
tangled state and stabilization of pure many-body states of
atoms [49].
In practical, the difficulties one may expect to face with
these higher order processes depend on the limitations inher-
ent with the decoherence process of the atom (cyclic qutrit).
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FIG. 5: (Color online) Numerical simulation of the dynamics under
the influence of dissipation. (a) Temporal evolution of the atom mean
excitation number 〈σ+q σ
−
q 〉, and the equal-time second-order corre-
lation function 〈σ+2 σ
+
3 σ
−
3 σ
−
2 〉 with the system prepared in the state
|0, 0, e, g, g〉. (b) The residual population in the third level of the 2nd
atom |i〉2〈i| and the two cavity modes 〈a
†
sas〉 (L,R).
However, with recent experimental progress in circuit QED,
especially, superconducting qubits with a long coherence time
have been experimentally demonstrated [50–54], we estimate
that our proposed architecture with three or four atoms is fea-
sible with currently available technology.
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Appendix A: Cavity-photon mediated four-atom interaction
In this appendix, we provide a discussion on the photon-
mediated four-atom interaction. We consider the system in-
troduced in Sec. II(A) of the main text for the case of four
atoms. The system can be described by the Hamiltonian in
Eq. (4) with N = 4. For easy reference, we set ω
(q)
g = 0
hereafter. Furthermore, we consider that the system is initial-
ized in state |0, e, g, g, g〉, and satisfies the frequencymatching
condition ω
(1)
e ≈ ω(2)e + ω(3)e + ω(4)e . The parameter of the
four atom are listed in Table II, the resonance frequency of the
cavity mode is ωc/2pi = 6.00GHz, and the cavity photon
decay rate is κ/2pi = 0.01MHz.
Under the frequency matching condition, and by using the
8TABLE II: Parameters for the atom-cavity system described in Ap-
pendix A. ω is the two-level system transition frequency, g is the
atom-cavity coupling strength, and γ is the relaxation rate. For sim-
plicity, we treat the 2nd atom, 3rd atom, and 4th atom as three iden-
tical cyclic three-level systems.
Qutrit
(q=2,3,4)
Frequency
ω/2pi (GHz)
Coupling strength
g/2pi (MHz)
Relaxation rate
γ/2pi(MHz)
|g〉1 → |e〉1 8.9665 180 0.01
|g〉1 → |i〉1 21.0 180 0.01
|e〉1 → |i〉1 12.0335 210 0.015
|g〉q → |e〉q 3.0 150 0.01
|g〉q → |i〉q 7.0 150 0.01
|e〉q → |i〉q 4.0 200 0.015
sixth-order perturbation theory, the system can be described
by the effective Hamiltonian (in the interaction picture)
HIeff = χ
(4)
1 σ
−
1 σ
+
2 σ
+
3 σ
+
4 +H.c., (A1)
where σ±q (q = 1, 2, 3, 4) are the ladder operators acting on
the lowest two levels |g〉q and |e〉q of the qth atom, and the
χ(4)1 is the effective coupling strength between |0, g, e, e, e〉
and |0, e, g, g, g〉. The magnitude of the effective coupling
strength can be written as
χ(4)1 =
3 ! (g
(1)
ge g
(2)
gi g
(2)
ei g
(3)
gi g
(3)
ei g
(4)
ge )
(ω
(1)
e − ωc)(ω(1)e − ω(2)i )(ω(1)e − ω(2)e − ωc)(ω(1)e − ω(3)i − ω(2)e )(ω(1)e − ω(3)e − ω(2)e − ωc)
. (A2)
After calculation with the above-mentioned system parame-
ters, the effective coupling strength is obtained as χ(4)1 /2pi ≈
0.238MHz. As shown in Table II, we note that since the
three atoms (2nd, 3rd, and 4th atom) are treated as three
identical cyclic qutrits, there are 3 ! paths which have equal
contributions to the effective coupling between the bare state
|0, e, g, g, g〉 and |0, g, e, e, e〉.
As shown in Fig. 6(a), it can be observed from the oscil-
lation of the atom mean excitation number that three atoms
can conspire to jointly exchange excitation with one single
atom, and the period is good agreement with calculation given
by the perturbation theory. The three-atom correlation func-
tion 〈σ+2 σ+3 σ+4 σ−4 σ−3 σ−2 〉 and atom mean excitation number
〈σ+2 σ−2 〉 are almost coincident at early time [27]. Figure 6(b)
shows that the residual population in the third level of the four
atoms can be negligible, and the population in the cavity bus
is far less than 1.
As we mentioned in Sec. I of the main text, there exist one
other type of effective interactions between the four atoms in
the fourth-order perturbation terms, namely, the four-spin ring
exchange interaction σ+1 σ
+
2 σ
−
3 σ
−
4 [26, 27, 55]. Noted that the
total excitation number is conserved in this case. Therefore,
the four-spin ring exchange interaction can be simply cap-
tured by the four-atom Tavis-Cummings Hamiltonian within
the RWA.
Appendix B: the master equation approach
The influence of cavity decay and atom relaxation on the
process can be studied by the master equation approach. By
including cavity decay and atom relaxation terms, we can
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FIG. 6: (Color online) Numerical simulation of the dynamics un-
der the influence of dissipation. (a) Temporal evolution of the atom
mean excitation number 〈σ+q σ
−
q 〉, and the three-atom correlation
function 〈σ+2 σ
+
3 σ
+
4 σ
−
4 σ
−
3 σ
−
2 〉 with the system prepared in the state
|0, e, g, g, g〉. (b) the residual population in the third level of the
atoms |i〉q〈i| and the cavity mode 〈a
†a〉.
write the master equation:
dρ
dt
=− i[H, ρ] +
∑
s
κsL[as] +
∑
q
(γ(q)ge L[|g〉q〈e|]
+ γ
(q)
ei L[|e〉q〈i|] + γ(q)gi L[|g〉q〈i|]).
(B1)
9Above, ρ is the reduced density matrix of the system, H is
the Hamiltonian of the system, L[O] = OρO† − O†Oρ/2 −
ρO†O/2, κs and γ
(q)
jk denote the photon decay rate of the cav-
ity mode (s) and the relaxation rate of the (|j〉q, |k〉q) two level
systems, respectively.
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